
CONTROL SYSTEMS ENGINEERING D227 
SOLUTIONS Q2 2003 

 
COMMENT- This seems an extremely long and arduous question. There must be an easier way but I 
haven’t found it.  

A system has an open loop transfer function 
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= and it is used in a closed loop with 

unity feed back. 
 
(a) Verify that the system is stable. 
(b) Plot the CLOSED LOOP frequency response and show that the system may be approximated to a 

standard second order system. 
(c) Determine the damping ratio and natural frequency of the approximated second order system and find 

the ±2% settling time of a unit step response. 
 
(a) SOLUTION 

There are several ways to tackle the problem. One would be to evaluate and plot the closed loop gain 
directly but this involves harder maths. Another method would be to plot the open loop gain on a 
polar plot and then calculate the closed loop gain from that. I have chosen to use the Nichol’s chart 
and pick off the closed loop gain from that. An alternative method is also included. 
STABILITY- A Nyquist Plot would do this but let’s use the Routh Hurwitz criterion. First multiply 
out.  G(s) = 2/(s3 + 3s2 + 2s) 
The closed loop transfer function for unity feed back is Gcl = 1/{G(s) + 1} 

Characteristic equation is 0 22s3ss  hence   01
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If the highest power of the characteristic equation is 3 the criteria may be simplified as follows. 
Characteristic equation = (as3 + bs2 +cs + d) so a = 1  b = 3  c = 2  d = 2 
If the next coefficient is negative the system is unstable and this is given by R = c - ad/b 
R= 2- (1 x 2/3) = 2 – 2/3 = 1.33   This is positive so the system is stable. 

 
(b) SOLUTION 
 CLOSED LOOP GAIN USING THE NICHOLS CHART 

 Evaluate the gain and phase angles for 
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 A suitable frequency range is 0.4 to 4 rad/s. 

 In general if we have 
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 Remember that gains in db are added and angles are the product. In this case it might be as easy to 
use  G db = 20 log(G1G2G3) 

 



 

 
Now pick off the closed loop gain at various frequencies and plot the frequency response. It is typical 
of a second order system. 

 
The peak magnification is at 0.8 rad/s and the closed loop gain is 6 db. 
 
From the rubric of the exam paper we are given Mp(ω) = 2ξ√(1-ξ2)-1 and ωr = ωn√(1-ξ2) 
 
20 log Mp = 6   Mp = 2 
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Let  = ξ2 =x and solve x 
 
16x (1 – x) = 1 -16x2 + 16x – 1 = 0 
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ξ =√x  = 0.966 or 0.259 
 
Using 0.259 we get  
 
ωr = ωn√(1-ξ2)   ωn = 0.8/√(1- 0.2592) = 0.828 rad/s 
 

The standard second order transfer function is 2
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found we get
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(c) SOLUTION 
The settling time is found from the equation  (Not given in the paper). 020overshoot %e sn  tω ζ .==
 
ln (0.02) = -3.92 = ξ ωn ts   
 
ts  = 3.912/(0.259 x 0.8) = 18.9 s   (The examiner gives 15.75 secs) 
 
In retrospect the peak was about 0.83 rad/s which would produce a better answer. 



ALTERNATIVE SOLUTION
 
(a) SOLUTION 
A Nyquist Plot would do this but let’s use the Routh Hurwitz criterion. First multiply out. 
G(s) = 2/(s3 + 3s2 + 2s) 
The closed loop transfer function for unity feed back is Gcl = 1/{G(s) + 1} 

Characteristic equation is 0 22s3ss  hence   01
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If the highest power of the characteristic equation is 3 the criteria may be simplified as follows. 
Characteristic equation = (as3 + bs2 +cs + d) so a = 1  b = 3  c = 2  d = 2 
If the next coefficient is negative the system is unstable and this is given by R = c - ad/b 
R= 2- (1 x 2/3) = 2 – 2/3 = 1.33   This is positive so the system is stable. 
(b) SOLUTION 

Evaluate the gain and phase angles for 
2)(s

1G and    
1)(s

1G   
s
2G 321 +

=
+

==  

A suitable frequency range is 0.1 to 1.6 rad/s. In general if we have 
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To find the overall result we use G = G1 G2 G3 and φ = φ1 + φ2 + φ3 A 

suitable frequency range must be found by experimenting with figures. Here is the result. 

 



The Nyquist plot verifies that the system is stable since the -1 point is not enclosed. (This needs more 
results around ω = 0.5) 

 
We must calculate the magnification factor M for the closed loop system. With unitary feedback we know 
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The value of G+1 is found from the vector for G as follows 

 
This enables us to calculate M and the results are as follows. 

 



The result resembles the response of a second order system where the peak Mp = 1.83 and the resonant 
frequency is ωr = 0.8 rad/s 
 
From the rubric of the exam paper we are given Mp(ω) = 2ξ√(1-ξ2)-1 and ωr = ωn√(1-ξ2) 
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Let  = ξ2 =x and solve x 
 
13.4x (1 – x) = 1 -13.4 x2 + 13.4 x – 1 = 0 

0.919or  0.0814
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ξ =√x  = 0.285 or 0.958 The higher figure does not look right as there would be very little peak. 
 
Using 0.2853 we get  
 
ωr = 0.8 =  ωn√(1-ξ2)   ωn = 0.8/√(1- 0.2852) = 0.835 rad/s 

The standard second order transfer function is 2
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(c) The settling time is found from the equation  (Not given in the paper). 020overshoot %e sn  tω ζ .==
 
ln (0.02) = -3.92 = ξ ωn ts   
 
ts  = 3.912/(0.285 x 0.835) = 16.4 s   (The examiner gives 15.75 secs) 
 
 
 


